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VII. Memowr on Symmetric Functions of the Roots of Systems of Equations.
By P. A. MacManoN, Major, Royal Artillery.

Communzcated by Professor GREENHILL, I, R.S.
Received January 30,—Read February 6, 1890.

§ 1. Preliminary Ideas.

1. TaE theory of the symmetrical functions of a single system of quantities has
been investigated in a large number of memoirs, but so far, only a few attempts have
been made to develop an analogous theory with regard to several systems of
quantities. The chief authors are ScHLAFLI* and CaviEy,! both of whom have,
however, restricted themselves to the outlines of the commencement of such a theory.
In the theory of the single system it is found convenient to regard the quantities as
the roots of an equation, since the coefficients of such an equation are themselves
those particular symmetric functions of the quantities which have been variously
termed fundamental, elementary, and unitary; they are fundamental because all
other rational integral functions are expressible by their products of the same or
lower degree ; elementary because they are those which, first of all, naturally arise ;
unitary because their partitions are composed wholly of units. The left hand side of
the equation referred to is a product of binomial linear functions of a single variable
x, so that, &, @y, . . . @, being the quantities which compose the system, the funda-
mental relation may be written

A4+ax)(l+az)... L+aezr)=1+az+a2®+ ... + a2,
=14+ W+ (1) +.. .+ (19,

in the ordinary partition notation.
In a general discussion it is convenient and advantageous to suppose the number of
quantities infinite, so that the relation becomes

(Lt 02) (1 4+ o). .. = (L o+ o +..) =1+ 1)+ (122 +..

* ¢« Ueber die Resultante eines Systemes mehrerer algebraischen Gleichungen.” ¢ Vienna Academy
Denkschriften,” vol. 4, 1852.

+ “On the Symmetric Functions of the Roots of certain Systems of Two Equations.” Phil.
Trans.,’” vol. 147 (1857).
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482 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

2. Instead of taking a product of binomial linear functions of one variable, as
above, we can, for m systems of quantities, take a product of non-homogeneous linear
functions of m variables, and each such linear function may be taken of the form

b oo + oy + .00 i,

As indicative of this general case it is sufficient to consider merely the case of two
systems of quantities. Complexity of formulas is thereby avoided, but it must be
distinetly borne in mind that all the succeeding theorems can be at once extended to
the general case of m systems by an easy enlargement of the nomenclature and
notation.

I consider, then, two systems of quantities

“17 aQ: e e Oy

/81’ BQ» v B

as connected with two non-homogeneous equations, in two variables, in such wise that
the values a,, B,, of the variables respectively constitute one solution of the two simul-
taneous equations. In order to avoid identical relations between fundamental forms,
as well as for other reasons, which will appear, I take the number of quantities n in
each system to be infinite.

By analogy the fundamental relation is written

(Ttez+By) (L+ow+By) ... (L+ax+By) ...
=1+ ot + any + ay2® + opwy + agy® + .. oyt 4.

As shown by ScHLAFLI this equation may be directly formed and exhibited as the
resultant of the two given equations, and an arbitrary, linear, non-homogeneous
equation in two variables, Beyond the preliminary idea this investigation has little
to do with the original equations or with the theory of resultants. It starts with the
fundamental equation just written, the right-hand side of which may be put into
the form

1+ Sz 4 2By + Sejana® 4 S Byay + SBByyE + . ..
The most general symmetric function to be considered is

zalpz Bllh agﬁz 62‘12 0(37)3 /83(.73 .

which 1 represent symbolically by
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- OF THE ROOTS OF SYSTEMS OF EQUATIONS. ' 483

Observe that the summation is in regard to the e.xpressidns obtained by permuting

the n suffices
1,2,3,...n.

The weight of the function must be considered as bipartite ; it consists of the two
numbers '

P+ patpst+.. . =3p,
ntautoat.. =2

and I speak of the biweight =p, 3g.

" The sum 3p + Sg may be called the whole weight, or simply the weight. Asso-
ciated with any number w there will be a weight w and a biweight corresponding to
every composition of w by means of two numbers, including zero as a number. By
composition is meant partition, in which regard is paid to the order of the parts; for
instance, 21 and 12 are different binary compositions of 3, and 80, 21, 12, 03
constitute the system.

3. It is necessary to introduce the notion of the partition of the bipartite number
which denotes the biweight.
Thus of the biweight Sp, 3¢ the expression

) (2101 e Psls - - )
may be termed a partition.

The dual symbols P19y, Page, Psqs, - - - are the parts of this partition; the parts
are themselves bipartite and may be termed biparts.

We have thus a biweight denoted by a bipartite number partitioned into a number
of bipartite numbers termed biparts.

It is convenient to arrange the biparts so that the sums of the symbols Whlch
compose them are in descending order of magnitude from left to right.

According to usual practice repetitions of biparts are denoted by power symbols ;
thus

(7% = (p1a P31

4. In the notation just explained the fundamental relation is written

(14 ax + Byy) (1 + oy + Byy) - .
= 1+ (10)@ + (01) y -+ (T0%) @ + (10 01) ay + (0T y°
+ (10%) 2® 4 (102°01) &y + (10 01%) ay® + (01%) 9% + . .
where (10 01?) denotes 3, a, 8, B; and in general a,, = (107 017).
Observe that here the number of quantities m each system is considered to be

infinite, and that the right hand side of the equation is taken with unit and not
3 Q 2
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484 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

multinomial coefficients (¢f. CAYLEY, loc. ¢it.). This is done because it is the universal
practice in the theory of the single system, and because otherwise it appears to
possess undoubted advantages.

The symmetric functions which appear in the relation are fundamental since, as will
appear, they serve to express all other rational integral symmetric functions, and they
may be further termed single-unitary, in that, not only is each composed entirely of
units, but also each bipart comprises but a single unit.

It is obvious that the number of biweights connected with the weight w is
w - 1. »

5. It may be asked in how many ways it is possible to partition a biweight into
biparts.

In the ordinary theory of partitions the number of partitions of a number w is the
coefficient of #* in the ascending expansion of

1
l—2.1—a1—a3.1—2at....

In the present case, the number of partitions of the biweight pq into biparts is the
coefficient of #7y? in the ascending expansion of

1
l—a.l—-yl—a?1—ay. 1 =921 -5 1—2%.1—ay®>.1—295,..

or, putting y equal to ®, we see that the whole number of partitions of the weight
P + q into biparts is the coefficient of #7*¢ in the ascending expansion of

1
A—2 A -2 (1 — 933)4....

Further, it is clear that the number of partitions of the biweight pq into exactly
p biparts is the coefficient of @y in the expansion of

1
l—ax.l—ay.l—a*.1—azy.1—a?. 1 —aP. 1 —ar’y.1 —azy® . 1 —ap. ..

6. It is convenient now to have before us a Jist of the symmetric functions up to
weight 4 inclusive.
The expanded generating function is

1+ x4y 4 22° 4 22y + 29° 4 32° + 2Py + day® + 398
+ Sat - Tady + 9P y® 4 Tyt 4 Syt 4. ..,

and we have
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OF THE ROOTS OF SYSTEMS OF EQUATIONS.

WEIGHT 1,
Biweight 10, Biweight 01,
(10); (01) 5

WEercHT 2,

Biweight 20, Biweight 11, Biweight 02,

(20) - (1) (02)
(10%) (1001); (01%);
WEIGHT 3,

Biweight 80, Biweight 21, Biweight 12, Biweight 03,

(30) (21) (12) (03)
(20 10) (20 01) (10 02) (0102)
(10°); (1110) (01 11) (0T%);
(10°01) ; (10 01%);
WEeLGHT 4,

Biweight 40, Biweight 31, Biweight 22, Biweight 13,

(40) (31) (22 (13)
(30 10) (21 T0) (31 07) (12 01)
(@0 (5601) (EAT) (03 10)
(20 T09) (20 11) (20 02) (02 T1)
(1093 @10 (D) (@2 10 01)
(1 10?) (20 012) (TT 0T
(10° 01) ; (02 T0%) (10 07%) ;
(1T 0 01)
(10°017%);

§ 2. Preliminary Algebraic Theory.

Biweight 04,

485

7. The partitions with one bipart correspond to the sums of the powers in the
single system, or unipartite theory. They are easily expressed in terms of the

fundamental symmetric functions.
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486 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS
The right hand side of the relation
IT4+ax+By)(l+tar+By) ... =14+a@x+agy~+ ...+ aetyi+...,
may be written | -
exp (g% + any),

or, since it is convenient to write the symmetric function ( pg) in the form s, this is

exp (81¢% + Spi¥),

. . Pg 4 —
where the bar over exp indicates a symbolism by which ﬁg’-'f‘% denotes (107 01%) = a,,.
VAL

Hence the relation

14 a2 + agy + ... F awfy? + .. = exp (80 + s31%),

which is important in connection with the collateral theory of operations to be
presently brought into view.
8. Taking logarithms of both sides of the relation

(ITdezxz+By)l4aex+By).. =14apx+agy+...+azryt+. ..,
there results
$16% + S0y — ¥ (507 + 25132y + s09%°) + § (830%° + Bsp@®y + Bspxy® + spa9®) — . L F

=log (1 + oy + apy + . . . + ap2?y? + .. .).
Hence
1+ oy + gy + . . - u@?y! + ... = exp (510 + Syuy)
= exp {810% + sy — & (S202® + 2512y + 3099°)
+ 5 (830%° + 3s2% + 3syay® + sp9°) — .. 3.

Also we have the series of relations :(—-
S190 = U0,
So1 = %g1»
— 8
g0 = Oyg° — 20y,

3 S = Gyl — O,

— 0y 2
LSos = Qgp” — 208,

I

3
0) 3oty + 3030,
— 9 :
= Oyg° gy = OOy — Qq10y0 + Oy,
— 0y 2
S19 = Qgy” Ghyg — Ogallyy — O30y + Oy,

C o 8
[ S08 = ®g1° — 3gatty; + 3oz,

v

¥ Viz:- 8100 + sy = 2 (g2 + Bry) 5 89® + 2smay + sp0y® = = (a2 + Byy)?; &e.
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OF THE ROOTS OF SYSTEMS OF EQUATIONS. 487
and in general
(p+qg—1! L Cr=1! mom
(—)pte—l olg g = S, (— ) 171-1"71" g, g, -

9. Moreover, the fundamental symmetric functions are expressed in the terms of the
forms s,, by the formula

(—)ti-la, =3 {(201 + ¢ — l)l}n {(202 + ¢y — 1.)!}"3 (= )221r—-1 oo

S S .
ey Spags + ¢
nla! Pyl gyl e

as will be evident by simply applying the multinomial theorem to one of the above
written general identities of Art. 8.

10. The single-bipart functions having been actually expressed in terms of the
fundamental symmetric functions, it remains to show that all other rational algebraic
symmetric functions are also so expressible. ScHLAFLI (loc. cit.) has established this
by induction, and it is not necessary to further discuss the theorem here. In Art. 43
of the present memoir, will be found the actual expression of a given symmetric
function by means of single-bipart forms, a formula which, combined with one given
above, Art. 8, serves to establish the theorem conclusively.

The Symmetric Function h,,.
11. Write

(I4ex+By) (Ltax+By . ...=1+a@+agy+ ...+ awry?+..
1
T Iy =gy A (P gyt L

as the definition of the function Py
Writing — @, — y for , 7, we have
1
(I —aw—By) (1 — ayx—Ly) ..

14 b+ hgy + . ..+ bpery? =

and expanding the right hand in ascending powers of = and y

+ ! + ! -
hyy =3 (p;ol 911) (P;2 q‘]z) N (291(11 . ‘),

the summation being for all partitions of the biweight, Changing the signs of @ and
y in the relation first written down, we obtain

1
Tl —agy + ..+ ()P gty +

14 hgx +hgy + ...+ bty + .
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488 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

an identity which arises from the former by interchanging the letter # with the
letter a.
Hence, if fand ¢ be any two functions, such that

S (@10 gy o v v gy o o) = PPy, Py - Popgs -+ -)s

¢’(“10’ oty « v+ Opgs o v -) =f(h10, hots -+« Topgs -+ )5

and, in general, in any relation connecting the functions @ with the functions A, an
identity will still remain if the letters o and % be transposed.
By the multinomial theorem

then also

Emt o

=)y = (=P T

From a previous result in this article, by taking logarithms and expanding

(p +g— 1), o o (271' 1)1 ™y my
*""—2*;!"9_!‘““ Spg — >-l1|- (— )2 1 77-1' 7 Py hﬁﬂz R

which is to be compared with the formula

Y1 ST )] Er—Dt m ™

" a’ﬁzqz fet

(—)r+e- 1(_?0+_9_“_1.>«’ = 3 (—

mlaml.o..

and it will be noticed that s,, remains unchanged when 5 is written for a, except for
a change of sign, when the weight p + ¢ is even.

§ 8. The Dyfferential Operations.

12. The beautiful properties of these symmetric functions are most easily established
by means of the differential operations whose theory I proceed to establish.
Consider the jdentity

(1 + e+ Biy) (1 + ew + By) . . . (1 + a2 + By)
=14 a0 + apy + a@® + aney + ay® + . . .,
where n may be as large as we please.

Multiply each side by (1 + px + wy).
The right hand side becomes

1+ (a0 4 ) @ + (ag + v) Y 4 (o + poiyg) @ (e + poy + Vo) Y
+ (@03 + vogy) ¥* + .
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OF THE ROOTS OF SYSTEMS OF EQUATIONS. 489

and, in general, a,, becomes converted into

Opg + Wty 1, ¢+ V0 1.

Hence any rational integral function of the coefficients

. Qg5 Co1s ooy X115 Cogs + + « 5
viz.,

J (0 Cgps Cagy Qs gy« « )= S,
1s converted into

1 1
S+ (1910 + vga) S+ EY (k910 + v90)* S + 31 (rg10 +v90)° f 4. - -,

where
910 = 2% _1,4 04,5 YJor = 3pq—104,;

and the multiplication of operators is symbolic.®
The new value of f is -
exp (g1 + v9n) />
where the bar is placed over exp to denote that the multiplication of operators is
symbolic (vide Art. 7). | '
13. Write

1 )
G, = Z}";‘ 910" 9o’

the bar denoting symbolic multiplication, then
exp (ug1o + v90) S
= (1 4 pGyo + vGy + Gy + Gy, + *Goy + . - - + p21Gyy + .. ) f.

(Compare Art. 7.)
Now suppose the symmetric function f expressed in terms of

aat) 181’ Oy 62: ®g, 183, o e e Oy, IBn

(2191 Pode Psls - - -)-

to be

The introduction of the new quantities p, » results in the addition to

of the terms

PPV (Poge Pads - + ) + pPvE (P1g) Psgs - - )+ wV (D1 Poga - ) + s
* By “symbolic” is to be understood ‘non-operational,” as in what is commonly known as the

“gymbolic ” form of Taynor’s Theorem.
MDCCCXC.—A. 3 R
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and hence

St B s B )+ 1 P )+ 0 (s i)+
= (1 + pGyy + vGyy + pGy + Gy + G+ ) S

and equating coeflicients of like products u’v?, we find

A

o (s P Pt~ ) = (st iy )
<. o (s s s -+ ) = (P Pt -+ )
2; G (P11 P2 P55 - - -) = (P11 e - - )
E 8 G (P10) = 1,

=« GG - + - Gpu (P11 Dol - Puln) = 1,

and G,, f = 0, unless the bipart, rs is involved in the expression of f.
From the above we gather the very important fact that the effect of the operation
G, upon a partition is to obliterate one bipart ¢ when such bipart is present, and to

PHILOSOPHICAL
TRANSACTIONS
OF

annihilate the partition if it contains no bipart pq.
14. T return to the result

14 pGho +vGoy + o 4 WGy 4 = exp (pgy + v0),

wherein be it remembered the multiplication of operators in the right hand expression
is symbolic. I seek to replace exp (pgio +7¢,) by an expression containing products
of linear partial differential operations in which.the multiplication is not symbolic.
We have by definition » »
919 = Ou, + 1y Ou, + gy 00y + -+ -,
Yoo = Oay + gy O, + 10 Oy - 5

)
A

a
\

/
S

2 let further

S E I = a"m + o a“pﬂ,i/ + an a“p,qﬂ Tt a“f)+?’,q+s +.
= S

45 5 a definition which includes the former.

Z O 15. T will establish the relation

=~ -

exp (mmglo + mogor + oo MGy + - )
= exp (Mg, + Mggo + . -+ Mg+ )5

where on the left and right hand sides the multiplications of operators are respectively
symbolic and not symbolic, and R

PHILOSOPHICAL
TRANSACTIONS
OF
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" OF THE ROOTS OF SYSTEMS OF EQUATIONS. 491

exp (Mo + My + . . . 4+ M, €7 + . . )
=L m§ - mem L my, &t +

where &, y are the undetermined algebraic quantities.
For the multlphoatlon of two operators g, ,, 9., We have the formula

g]’ﬂl g]’sﬂz = gl’ﬂt g]’:ﬂz + gpﬂl T g]’z?z’

wherein the symbol 7 + denotes exphclt operation upon the operand, regaldmg the
latter as a function of symbols of quantity only, and not of the differential inverses.
Also
I _{— Ipits = Ipitrogitaw
Put , ‘
I = Myefho + Moo + I e D
which may be written | |

= (myg+ me + .. A, + .. ) g,

in which m,,g,, is symbolically written m,,g.
But . o
Uy = Uy -{— wy = (myy + my + ...+ my, ..,

where, after expansion of the right hand side, m,,,m,,g is to be written

Mp Moo py + 100 1400
Then, with a similar convention,

Uy = U, —ll- gy = (Mg + mgy + . .0 Fmy, 4.0 )
Further, it is easy to prove the relation
Us -;"‘ Uy = U 4.1

But for a series of linear partial differential operators enjoying this property, it is a
well known and easily established theorem of SYLVESTER's that

expu; = exp(u; — Fuy +2ug—...).

Hence, substituting, we easily reach the relation

exp (M, + Mm’? +- coe Myt 4 ) =1 4wy + Mo =+ .o+ My &t +

wherein & and % are undetel mined algebraic quantltles
This establishes the theorem.
3 R 2
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492 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

16. To apply it to the case in hand, put

My =p, My =71, m,, = 0 in other cases.
Then
M€+ Mon + ..o + Myérm? + ... =log (1 4 pé + vm)
— 1)1
oy M, =(— )p+q+1_(20,:;_;7wll);#pvq’

and the result is

E}Zi) (1910 + v901) = exp {Fglo + vo01 — ¥ (K920 + 2pvgn + v¥90)

4+ (#3950 + BuPvgq + Bl + YP90s) — . . L3
Combining with a former result ,

o + v90 — % (100 + 20091 + P’90) + 5 (1950 + B89 + Bt v7g05) — . .
=log (1 4+ pGy+ Gy + .. . + Gy + .. ).
(Compare Art. 8.)
17. By expanding the right hand side we can express each linear operator of the
form g,, in terms of products of the obliterating operators which have the form G,,.
The law is identical with that which expresses the functions containing one bipart
in terms of the fundamental symmetric functions. We find

.9'10 = Gy
- {901 = Gy,
(90 = G1o® — 2Gy
gu = Gr'210@'01 — Gy
L9 = G — 2Gq,
r!]30 = Ge® — 3GyGyp + 3Gy
g = Gig? Gop — GG — G11Go + Gy
Iz = G? Gyg — GyGro — GGy + Gig
[ Yoz = Go® — 8GGoy + 3Gos

A

Al

and in general

Pt =1 ey G = D!
( )]l+1 1 ]3 g! o0 9py = 217 (—') el Wlt Ty 1., Gﬁﬂx Gf’z?
while ,
- ‘ (p kg — 1)! Mm(py + g — 1™ (= )2” o "
(=)t Gy, = 2,,{ 1 o PrN com ,,;—T“_‘Q'pm Iz - -

(Compare Art. 8.)
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18. By comparison of these relations with the corresponding algebraic ones to
which reference has been made, it is manifest that ¢,, and G,, are respectively in co-
relation with s,, and a,,. In other words these operations respectively correspond to
the partitions (pg) and (107 01¢). It is necessary to find the operations which
correspond to the remaining partitions which symbolize symmetric functions.

We have the easily derivable results in operations

g]’l’h g[’z% = g]’l% g]’292 + g]’l + P2 i+ 720

9 __ 3
I = Ioas + Jop 20

9t 90 Irsts = 9002 90 Ists F 900 9ps 2124 5+ Iats It 15+ 10
F 9o It rw i+t & Iprt ot P 2+ 00
2 — 5,
I Its = 9ot Irate T 2900, 94 1402 T Gosy 00 Ipate F Fop 40 200+ 000

3 __ 3 .
Ing® = Ipay t 392m, 00 9p0s F Yspu 50,3

where as usual the bar denotes symbolic multiplication ; and comparing these with
the algebraic formulee

(1191) (Pe22) = (701 Pogs) + (P14 Po ¢ + 92)
(7101 = 22 + (201, 291)

(710)) (P222) (P225) = (P12 Pata Ps5) + (0101 Do + Pss G2+ ¢5) + (Pag2 25 + 1> G5+ ¢1)
+ (203?3 PPy @+ Q) (01 + 20+ P 0+ 20+ )

(1—01—‘.71)2 (Eq—z) =2 (piy? M) + 2(p1qr 21+ Po @1+ 22) + (2p1, 201 Pogs)
+ (2p1 + Po 29, + )
(M)s =6 (7_9—1.(;13) + 3 (2p1, 2q1 ;1gn) + (3p1> 3q1)

it is evident that the operations‘

2 2 3
Ing ,  Ipa Ipwe,  Ipar”
2!

21 3!

9.
are produced according to the same law as the symmetric functions
(P91); (P12:* Pat)s VIIWE

further the law is perfectly general and indicates that the operation

1 1
!y !
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494 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

is in co-relation with the symmetric function

(7™ Paga™ - - )

19. There is thus complete correspondence between quantity and operation, and
any formula of quantity may be at once translated into a formula of operation.
Observe that a product of symmetric functions

(™ Pags™ - - - ) (s s . L)

is in correspondence with the operation

Tl mem L e
71.1! 77.21 < Ynn 91’272 vt ;;; Pz‘l e g)’rﬁ 97‘2”2 *
the notation indicating that the two operations
101 S 1 1 e
JRR P1 P2 I3 — ™ KE]
PIPRERE G st o . and TR Dot O™ - -
are to be successively performed.
For an example take the algebraic formula
(3T01) = — } (21 T0) (01) + } (21 01) (10) + 4 (10 01) (21) — & (FL 10 01),
which is translated into the operator formula,
Is1900= — % 9’219;) 9o F 5 g - G0+ Godon - For = % JanGroor-

20. It is now necessary to enquire into the laws which appertain to the performance
of these operations upon symmetric functions. We have seen, ante Art. 13, the law
by which the obliterator G,, is performed upon a monomial symmetric function.

Since
— 1!

Lyl

(—=)r+a=1 (p+g-1! Gy = 3, (—=)? Em

m ™
Al
}7! q! G]’]’h G]’e’/.-z e

we can operate with g,, upon a monomial form by operating independently with the
successive G products on the right, and adding the results together. As a particular
result, observe that a term on the right is G,,, and hence

(_)p +g—1 (70 +q9— 1) !.

plgt T = Gy = Gy (pg) = 1,

or

GpSpg = (—
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and g,, causes every other single bipart function to vanish; it must, indeed, cause
any monomial function to vanish which does not comprise one of the partitions of
the biweight pg amongst its biparts.

21. The relation just obtained yields the equivalence

!
P prg=1_ PO o
Yo = (—) (p+q—1)! s

and further results of the nature

= ._ "1)1+V])2-l'~'yl+yz ) pl .(h }92 q,?, r) -
gﬁﬂlg])z%z ( ) {(}) _(]1 — 1) 1 (pz + q,, - 1) 1 ﬂlfn 8_@’[)2'12

. (P + po)! (n + ‘]2)
+ b
L+ p+a+—1! nimatan

which are of use in connexion with the theory of function with single biparts.

Since every symmetric function is expressible in terms of the fundamental symmetric
functions, every operation g,,,™ g,,,™ is necessarily expressible us a sum of G P oduots
and can be performed upon a monomial symmetric function. '

22. The solutions of the partial differential equation

Y =0,

are the single bipart forms omitting s,, (Art. 21), whlle the solution of the partial
differential equation .
Gl"l =0,

are those monomial symmetric functions in 1 which the bipart pq is absent (Art. 13).
28. The operation 0, is expressible by means of the operations g,,.

Reversing the formula

gl}f ]W[ + Ctlo 1)+],f + ClO], ll + IO :‘I“ ar& 'H q+s + e sy )

y % +1
we obtain

Oy = Gor = Moy 11,0 = hopger + - - + (=) "ty srgast oo
where as before (Art. 11),

;

282

- - Gp)!
( )H. lhm = 2 ( ).-p ! [E yppq aﬁsl a’
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496 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

§ 4. The Theory of Three Identities.

24. The course of the investigation at this point necessitates the introduction of
two identities similar to, and in addition to, the fundamental identity.

A A

SOCIETY

OF

A B

Let
1+ o@+agy+. .. +aaryi+...=(1 +“1"0+'8]y) (1 tox+By) ... . . (L)
L4+byxe+bgy+.. . Fbpary+. . .= (14 o,V B,Dy) (14 ayPa+ ByVy). .. (IL)
L4z + ey +. . eyt +. .= (14 2@z 4 £,®y) (1+ a,®x 4+ B,Py) ... (IIL.)
wherein  and y may be regarded as undetermined quantities and the identities as
merely expressing the relations between the coefficients on the left and quantities
e, 3 on the right.
Assume the coefficients and quantities in the first two identities to be given and
the coefficients in the third identity to be then determined by the relations :—
14+ cpé+com+...+ CMEP"IQ + .
= 11, (1+“bof+:360177+ +oc1,8761),/§1’7)/+ 92
£ and 7 being undetermined quantities.
Multiplying out the right-hand side of this relation, it is found to be equivalent to
the series of relations :—
c10 = (10) by,
¢ = (01) by ,
¢y = (20) bzq + (10%) byy?,
oy = (11) by + (10 01) byoby
coy = (02) by + (017) byy®,
cg0 == (30) bgy + (20 10) byghyy + (10%) b,¢°

SOCIETY

G = (21) by + (20 01) bagboy + (11 10) 110y + (ﬁ)—2 (_ﬁ) b16%bo; s
C1p = _1“2-) by, + ((—)§ 16) boabro + (ﬁ 6—1—) b11byy + (m@’*fz) biohor® 5
Coa = (03) bos -+ (02 01) baabor + (013) boi® 5

OF
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and generally in the expression of ¢,, every symmetric function of biweight pgq of the
quantities in the first identity occurs, each attached to the corresponding product of
coeflicients from the second identity.

25. Represent the symmetric functions of the quantities occurring in the second
and third identities by partitions in brackets (), (), respectively.

Now

Hs (1 + asblog + Bsbofy) + L + asl)ﬁsq ]]gf[)nf + . °)

is from the identity II. equal to

ILI(1 + eey W€ + B8 M) (L + a0y W€ + BBIm) (. ) .. ],
which is

ILIL (1 + M€ + B,80n).
26. Hence the assumed relation becomes on taking logarithms

3, log (1 + &€ 4 Bn) = 33, log (1 + e M¢ + BBy,

and expanding and equating coeflicients of &y?

(rg)e = (P9) (915

an important relation which shows that the assumed relation is unaltered when the
set of quantities e is interchanged with the set ), in such wise that «, and «,") are
transposed. It is indeed of fundamental importance, and will be brought prominently
forward in the sequel. Its consideration must be postponed until a further step has
been taken in the theory of the operators. '
27. Let the operators
[ C
Iois Gy’

17 17
Di’s G’y

refer to identities 1., II., I1L., respectively.
- Writing the relation

1+ e + com + - -+ cpém?+ . ,
= IL (1 + abyo§ + Bboyn + . - . + alBibyém? + .. . ),

in the abbreviated form
: U = g WM, - - - »
MDCCCXC.—A. 3 s
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498 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

and performing the operation

gpfl = 85})q + Z)IO abp+1,q + bOl ablz,r[+1 + t + b"‘g ab])+r,(/+s + tr

we have
gpqu = (gpq/u’a]pl) uozz%ua.;,B3 LA + u’alB; (((]1’7’?/{'0‘232) u’“sﬁs + et
Moreover,
g Uug, = P BIEN Y, 4. ;
hence

9»'U = (pg)én'U,
and replacing U by its value, we have

. 9p 0 = (PQ) 3
while in general

Gni/0rs = (PQ) Crpo—r

Now regarding the coeflicients b, as functions of the coefficients c,, only, we have

9ng = (Ipq Cog) ac,,q + .o (gpe) O F -

= (ﬁ) (acpq + C10 acp.,.l,,l + Con ab‘p’qH + s + Crpys—q ac,.s + v ')
Thus ’ —
Ivi = (P) Gvs -

But the assumed relation is symmetrical as regards the quantities in the first two
identities ; hence also

Ion = (LD ">
and thence, since (pq), = (pg) (pg),, we have

(@)2 Iyl = (25?1)1 9o = (2—5&) Ipe

If we then regard the assumed relation as defining a transformation of the
quantities occurring in the identity IIL into either of the sets of quantities
associated with I. or IL, the operation

(2_55)2 9o’

is an invariant.

28. Since g,/ = (1_0_&) I’
£910 +m90 — % (&%, + 26091’ +1"90) + % (%50 + 360y + 3én°g1y + N3’ ) — - - -
= ¢ (1_6) G +m (T)T) Jo' — {8 (226) 90 + 289 (ﬁ) g+ (65) 902} |
+ 1§88 (30) ggy” + 3™ (21) g0 + 389> (12) 91" +7° (03) 9s"} — - - -
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OF THE ROOTS OF SYSTEMS OF EQUATIONS. 499
The left hand side of this equation is
log (14 G 4+ Gy + . .. + &G,/ + . ..) (vide Art. 16),

while if the operators g” be replaced by their expressions in terms of the operators
G”, it is easily seen that the right side is '

3, log (14 G+ BGu ™ + . .. + «2B2G, ém7 + . . .).

29. Hence the operator relation

14 Gy/é+ Gofy + . .. +Cy/émr+ ...
=1IL(1 + G "¢+ BGyu™m + . . . + a?B2G,, ém? -+ . . )

This result must be compared with the relation (Art. 24)

Lt eé+oon+ ... +oémi+ ...
=TI, (1 + abé + Bbon + . . . + 2B, Emr 4 . . .).

30. I say that such a comparison yields the following theorem :—
“In any relation connecting the quantities c,, with the quantities b,,, we are at
liberty to substitute
G, forc,, and G, for by, ;

and we in this manner obtain a relation between operators in correspondence.”
To explain this further, observe that & % being undetermined quantities in the
assumed relation which connects the quantities of the three identities 1., I1., III., we

are able to express any product whatever of the coefficients ¢, co;, . .+ ¢y, . . . In
terms of products of coeflicients by, by, -+« by, - . . and of symmelrical functions of
the quantities a), B8), @y, B,,... The substitution in question can be made in any

equation thus formed.
31. With regard to the relation of Art. 24, viz. :--.

T4coé+com+ ... + e+ ...
= II, (] + “sbmf“l' ;Bsb(n”) +...+ “spﬂsqbpr/f]’??q +...)

two important facts have been established—
(i.) That the relation is unaltered when the quantities occurring in the first
identity

Lt o+ agy +... +aery 4+ ... = (1 4+ ax+ By) (14 «x+ Ly). ..
3982
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500 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

are exchanged with those occurring in the second identity

1 by by oo A bty 4 .= (14 oWz 4+ B0) (1 + e,V + B,0y) .. .

each with each. (Art. 26.)
(ii.) That we can always proceed to a relation between the operations by writing

G,/ forc,, and G, ford,. (Art. 30.)

I will refer to these facts as the first and second properties of the relation
respectively.

§ 5. The First Low of Symmetry.

82. By means of the equality
(pg). = (pg) (P2

which has been established ante (Art. 26), it is clear that any symmetric function
expressed in a bracket ( ), can be expressed as a linear function of products of
symmetric functions of the form () ( ),; it is also clear from the first property
above defined, that such expression will remain unaltered when the brackets () and
(), are interchanged ; it must, therefore, be a symmetric function in regard to these
brackets.

We may, therefore, suppose an equation

(8 8™ o Yy = T (b agbye . ) (P Pege™ - -
+ I (@b aby . W (g Py )+ o o o o (A)
Moreover, we can express any product of the coefficients ¢y, €y, « 2 €y . . . 25 2
linear function of expressions each of which contains a monomial symmetric function
of the quantities a, B;; &, By; ... and a product of coefficients byg, Doy, - + « bpyy « + -
Assume then
st T2 —— —— Py P2
ot Cogy - -+ = oo FL(@bmahy®. . )by o+, o . (B)
ay ag —— g —— P1 ]
Calbl 0”2/’/2 ) + M (_pIQI 1]92Q2 L .) b"lsl br232- .. + o0y . . (C)

From equation (B) is derived by the second property the operator relation

k2
, 1

Y2l

T3
,2

—— — (5% P2
G =. ..+ L@bmab=. . )G Gt

AT)2Q2"'_".

G
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and performing each side of this equation upon the opposite side of the equation (A)

we obtain, after cancelling of (ct,0, ayby. . ),

P2

P —_— — 1 T2 — —
i Z -, P1 . — 1/ ’/
IJG 7181 G’ o (7 131 ! 7’282 .. .)2 — JG’ " GP;!’Iz .. (plql"rl szgﬂz .. .)1,
no other terms surviving the operations, or
L=1J;

since the symmetric function on either side is reduced to unity by the operation.
Similarly the equation (C) yields the equation of operators

;M , —_— "Pl ,,P2
G, Gopye o=+ M(pq"Pogs™ - - )G Gy

and this when performed on opposite sides of equation (A) gives

M=J.
Hence
L=M,

and we have the law of symmetry expressed by the two relations

) ) [at P2

Couas Cpg -+ » =+« -+ Li(ab™ by, . )by o 0o
oy oy — —— P1 P2
Cagy Capy+ - » =+ + o+ LD PQ™ -+ ) by Oy - - 01

viz., if in the first of these relations the partitions (p,q\™ pege™. . .), (@D agby. . .)
be interchanged the numerical coefficient L remains unaltered.

The theorem is a consequence of the two properties that have been established in
regard to the three identities and the relation assumed to exist between the quantities
involved in them.

It appears to be the most important theorem in symmetrical algebra.

33. I now pass to cerfain consequences which flow straight from the theorem. -

It is necessary to make a few definitions.

Definition.

«“ A partition is separated into separates by writing down a set of partitions, each
separate partition in its own brackets, so that when all the parts of these partitions
are assembled in a single bracket, the partition which is separated is reproduced.”
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502 MAJOR MACMAHON ON SYMMETRIC FUNCTIONS

Fer the purpose of this portion of the memoir alone it would have been expedient
to use the word bipart in lieu of the word part in the foregoing definition, but I have
retained the word part for the reason that the definition remains valid whatever be
the order of multiplicity of the parts.

Of a partition (1, Pags Psgs) the product (p,q; Psgs) (Paqy) is a separation composed

of the separates (p,q; Psgs) and (p,q,).

Definition.

“ A partition qud its separations is termed a separable partition.”

Definition.

“If the successive biweights of the separates of a separation be
W, OwD,  w,@w, B, G, L

the separation is said to have the specification

(w0, Pey™ 20, @y ® a0, Gey® -, )7

Observe that the biweights of the separation and of its specification are necessarily
the same, and identical with the biweight of the separable partition,

Observation.

The separable partition is counted as one amongst its own separations.
34. To take a concrete example of these definitions, consider a separable partition

(20 T0 01).
We have
Separations. Specifications.
(201001) (31),
(20 10) (01) (30 01),
(20 01) (10) (1 T0),
(76 0T) (20) (17 70),
(20) (10) (01) (2010 01)

35. I will discuss the law of symmetry that has been established in the light of
these definitions.
I recall the relations
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cio = (10) by,

cor = (01) by,

6 = (30) by + (10%) brs

¢y = (T1) by + (T00T) iy,
¢ = (02) Doy 4 (0T2) o

In the expression of ¢,, each partition in brackets () has the biweight pq, and
each partition is attached to a product of quantities b,,, such that each factor corre-
sponds to a single bipart in the partition.

Hence on proceeding to form a relation

) 2 P2
.

P
c111’/1 0112([2 e = + P bv'lsl brzsz .. + .

. . . Pl pz . .
wherein P represents the complete symmetric function cofactor of b,, b, .. .1t is

clear that P is a linear function of symmetric function products, each of which has a
specification

(219" P21™ - - ),

and is also a separation of the separable partition

The partitions (p,q,™ Pags™ -« - .)» (118" 798 . . .), as well as each of the separations
which present themselves in the linear function P are of the same biweight.

When the separations in the function P are all expanded into a sum of monomial
symmetric functions, each of the latter has the same biweight.

Taking the separable partition (75" 7y8,...) as fixed, a definite number of
specifications appertain to the separations. Forming then ¢ products in correspond-
ence with each of these specifications, the law of symmetry indicates that the same
number of different monomial symmetric functions will appear in the developments of
the several linear functions P.  Further, the partitions of these monomial symmetric
functions will be, in some order, identical with the several specifications of the
separations of the fixed separable partition.

Assume the specifications to be, in any order

. 01, 02, R 0,{-,
and write the identity

L 2

! ]
Coy Cpagg + + » = oo T+ PO b,


http://rsta.royalsocietypublishing.org/

N
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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in the abbreviated notation
Co=...4+Pb,+ ...

We have then the relations :—

Co=...+ Pub + ... (k=1,2,8,...k),
and
P, =m0, + my0, 4. .. + my,b,
Py =m0, + myby 4+ .. .+ myb,

P, =m0, + mb, + ... + myub,

the quantities m being numerical.
The determinant of the numbers m is symmetrical, for by the law of symmetry

Wy = My

Hence, the coefficient of symmetric function 6, in the development of the assemblage
of separations P, is identical with the coefficient of symmetric function 6, in the
development of the assemblage of separations P,

We may now proceed to express the symmetric functions 0 as linear functions of the
assemblages of separations P, and by elementary theory of determinants, the deter-
minant of the system of results is symmetrical. Hence

0 = pnPo, + poPo, + o 4 pulby,
Oy = o Po, + poaPo, + - . -+ puly,

0, = ,lkaPel + F«kzPo,, + ...+ l"MPGm
wherein
’ Mg == g

36. From this are deduced two important theorems, the one a theorem of expressi-
bility, and the other a theorem of symmetry. Any one of the monomial symmetric
functions 0 is expressed by a partition which is a specification of a separation of the
partition (8, 7ys . . .). Thisimplies that the biparts occurring in the partition of 6
can be so partitioned into biparts that when assembled together they will be

identical with the biparts of the partition (s 78y ...). Hence the theorem of
expressibility :— '

37. Theorem.

“The biparts of the partition of a monomial symmetric function @ are partitioned in
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any manner into biparts, which, when all assembled together in a smgle bracket, are
represented by

(8,71 785 . . L),

The symmetric function 6 is expressible as a linear function of assemblages of
separations of the symmetric function (1,87 78, . . .).”
38. The theorem of symmetry is as follows :—

Theorem.

‘“ When the monomial symmetric function 8, is expressed as a linear function of the
assemblages of separations P,, P,, . .. P, the coefficient of the assemblage Py, is the
same as the coefficient of the assemblage P, when 0, is so expressed.”

39. This theorem enables us to form a pair of symmetrical tables in regard to every
partition of every biweight. The number of tables is therefore twice the number of
partitions, the generating function for which has been already given.

§ 6. The Functions composed of One Part.

40. I will now establish a law by means of which any symmetric function expressed
by a partition with a single bipart may be at once expressed in terms of separations
of any partition of its blwelght It is merely necessary to interpret a result already
obtained.

I recall the formula of Art. 26,

(P9): = (p9) (P2
which may also be written by Art. 8,

( )En 1(271' . 1)' m ™y o ( )}n 1 (E'ﬂ' — ])y ™
2 i Cns Cpy - -+ = (P) s gl Iy Opage + + +
Let us compare the cofactor of bm1 b,% . .. in the development of the left hand side

with its cofactor on the right hand side.

When the left hand side is multiplied out each symmetric function product
which multiplies the term bml sz ... 1s necessarily a separation of the sythetric
function (p1¢y™pPegs™ - - .).  The result of the comparison will therefore be the
expression of the function (pg) in terms of such separations.

41, Let S, be the value assumed by ¢,, when b,, and other quantities b are put
equal to unity.

Further,lets__, . , denote the expression of s, = (pq) by means of separa-

(7™ ety
tions of the symmetric function (p;¢,™ pog™. . .).
MDCCCXC.—A., 3T
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Then we may write

E‘T(_)Zw—lggf__._:l_)_l ) — 2,1. (__)211»—1 (2—7;-__‘0—1_)—1 Sm Ty

el (ma™ ™ gL, s e

where S,, denotes the sum of all the symmetric functions of biweight pq.

Represent the different separates of the partition (p,q,™ poge™. - ) by (J1), (Jo), - . -
and any separation by (J;)* (J,)%. . .; substitute for the quantities S,, their values
in terms of symmetric functions; apply the multinominal theorem and equate corre-
sponding portions of the two sides and there results the formula

— 1)1 F— 1)1
(Pt S S0 = 3 (T S OP T
where the summation is taken for every separation of the given partition.

42. This important result is a generalisation of the VANDERMONDE-WARING law
for the expression of the sums of the powers of the roots of an equation in terms of
the coefficients.

43. The formula may be reversed so as to exhibit any symmetric function whatever
in terms of single bipart functions. The result easily reached is

(=) (™ pags™ - - )
Sy = D! Sy — Y.L A s

T S B .
Pl o amy byl s gy ol o v (g™ D™ ) (™ Do - - )
JitJa 1+ T a1t Tag

= 3=

the summation being for every separation

(Pugu™ I’Iz—q;m . (2-3—2;@3?“ Paaas™ + - ).
of the symmetric function

(™ page™ - - -)-

§ 7. Second Law of Symmetry.
44. The operation
4+ and ...+ a,d, 4.

P+l P+1,q+8

I = a"m + 0

“+1,g

may be said to be of biweight pg, since it lowers the weight of a symmetric function
by the biweight pg. Further, its degree is zero, since it does not in general lower
the degree of a symmetric function. If, however, g,, operates upon a symmetric
function of its own biweight, it is equivalent to the simple differential operation 9,
and is of degree unity.
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Similarly, the operation

0. ™ e
G, " Ing,” - -

mla!. ..

will be regarded as being of weight (biweight) pq, where (p,¢i™ pogs™ - - .) is a partition
of the biweight pg; and if, as a particular case, the operand be of the same biweight
pq, it will be equivalent to the operation

'y Ty
a”rlql Troay * " ,
Tl el
and will be of degree equal to
m 4w+ .. =3
Since therefore ‘
at Ty
8,,1,1,11 a%qz PR Ob"'l Ob"'z ._ 1
»‘;T—I—T;_,— PGy TPt T
we have the result
ks T ks kg
g’_ﬁqllgﬁs%z"_'a] O(,2 =1
77.1! Wg! P TPl ’

assuming then a result
—— —— P P2
(P19 Pege™ - - )o=. ..+ Pb b ...+ ...
derived from the three initial identities of Art. 24 and the relation assumed to exist
between the quantities involved, we are at once led to the operator relation

gl [1r1 g/ 'n'z. .. ‘/)} 5)7
Ira Ima” e = 4 PG Gt

gt ..

where P consists entirely of symmetxric functions of quantities which occur in the firsh
identity. Further suppose a second result

(s 78y o)y = ..+ Qb by F .
Hence, operating on the left and right of this result with right and left sides of the

foregoing operator relation, we obtain

P2

P1 —_—
(.. PG G o ) (1S s L)

= ‘Zﬂ;;_géqﬂ_._ (ot Qb by )
or from theorems established above (Arts. 13, 44)
P=qQ,
no other terms surviving the operation.
45. Hence a theorem of symmetry -

<o

T 2
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Theorem.
111 If

— P P2
(P Py - Yy =. ..+ Pb b ... +...,

the cofactor symmetric function P is unaltered when the partitions (p,¢,™ pygs™ . . ),
(718,71 798, . . ), are interchanged.”

The function P presents itself in the first place as a linear function of separations of
the partition of the b product to which it is attached. The theorem supplies linear
functions of separations of any two partitions (p,q,™ paga™ - - ), (18,7 7955 . . .) respec-
tively, of the same biweight, which are equal to one another.

46. To make the matter clear, form a table of biweight 21 as follows :—

by, baobor b0y 1%y,

(@) (0 07) (o) | (10°0T)
(1), RN I R VA
— (T7) (10) | — (10 01) (10)

+ (10)(01)

—@) | —@on | —(i110) | —(10*01)

(@ooT), — (@0) (07) — (10%) (O)
| + (11) (10) | + (10 01) (10)

g, | —@) | —@0) | — (1) | — (1000

ey | + (1) (01)

(10* 01), @) (20 07) (I 10) (10° 07)

which is to be read by rows.*

Each term in a column is a separation of the partition of the b product at the head
of the column.

The separations in each line of terms as written possess the same specifications, and
also the same numerical coeflicients. In the right hand column the partition
separated is a fundamental symmetric function, and hence each separate therein
appearing is so also. Kach block of separations in the right hand column is the
expression by means of fundamental symmetric functions of the monomial symmetric
function of the same elements whose partition appears to the left of the same line.
The terms of the first three columns may be regarded as being formed according to
the same law as the right hand column, and therefore according to a law defined by

* Bach term in the left hand column is equal to the .aggregate of terms in any block in the same row.
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the monomial function at the left of the same line. For example, the terms in the
second column and third line are separations of (20 01) formed according to the law
of the function (1110). Also the terms in the third column and second line are
separations of (11 10) formed according to the law of the function (20 01). Now:
observe that the law of symmetry establishes that the table enjoys row and column
symmetry. Hence the assemblage of separations of (20 01) formed according to the
law of (11 10) is equal to the assemblage of separations of (11 10) formed according to
the law of (20 01).

47. Hence in general the theorem :—

“The assemblage of separations of (rs,” 7,8,%. . .), formed according to the law of
(Pra™ poge™ - - -), 1s equal to the assemblage of separations of (p;q,™ pyqy™ . . .), formed
according to the law of (15, 79557 . . .).”

In the particular case considered the equality is
— (@001) + (20) (0T) = — (T1 T0) + (T1) (T0).

To actually form separations of (75" 7,8,...), according to the law of
expression of the latter, by means of fundamental symmetric functions. The separa-
tions are then given the same coefficients as the products of fundamental symmetric

functions which possess the same specifications.

§ 8. Third Law of Symmetry.

48. From the relation

st 2

31 P2
s Conga ++ = oo+ Ll b0

C

is derived the operator relation

G/

) 'y P2 :
nn ¢

Gppe - = —l—LG‘r”,::lG”Tzsz. ot
and, thence, by the method already employed,
(rs sy g =+ L g™+ -

This law of symmetry is of considerable importance and interest, but I do mnot stop
to further discuss it.*

* Vide ‘ American Journal of Mathematics” “Third Memoir on a New Theory of Symmetric

Functions,” now in progress in vols. 11, 12, and succeeding volumes.
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§ 9. The linear Partial Differential Operations of the Theory of Separations.

49. For purposes of calculation it is necessary to adapt the operations

9105 Jors + v+ Jpg + + o
so that they may be performed on a symmetric function when the latter is expressed
in terms of the separations of any given partition.

Of any partition (p,q,™pyqy™. . .) separates (vide Definitions) are formed by taking
all possible combinations of the parts. These are precisely

(m + 1) (me+ 1) ... —1,

distinet separates which must be regarded as independent variables.
Put

(lormﬂmﬁfﬂoﬁpm . ]—0:%"1’191“1’1‘11 cel)

for any separate of a given separable partition P.
Then by a known theorem

°

Vo

*7 7 (Tomo PG oL+ Pou o 7,@7171”1’191-'_‘01’191, s

gpq = Egpq (‘1-0“10-‘_‘[)“;(—)—]‘4%14—[’0‘ PP ]_)E“Pﬂl + ma ..

the summation being in regard to all the separates.
Moreover (Art. 17)

_ +9g—1)! —)m=1 (S 1) ™o ™ T
(=)t 12 nggz"“)“ m:‘z( ) (2m ? 106Gy G

ol Tl o T,

the summation being in regard to all the partitions (10™01™. .. p,g, ™ ...) of the
biweight pg; and also (Art. 13) '

Tio T TP101 — — —_—— J, ——
Gy Gy - - G, < (TOP oGm0 5 G oy, ) = (T0POTI™ . . . pygynm. .. ).
50. Hence
(__\p+q—] (]0 L 12
) plql... JP
—\Zr—1 271- — 1)1 JR, —_—
— by ( ) ( : f10() 1 Por p
211-‘-'[) 71_10! ’”_01! L. 77'];1(11. T (10 01 “ e e plgl ", .) a(wlo+polo_1”m+pm . E‘(erlql’i-pp]ql . ‘)

the summation being in regard to
(1) Every separate of the given separable partition ;
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(2) Every partition of the biweight pq.
The right hand side of this relation may be broken up into fragments in each of
which all the numbers =y, m,,... m,, . . . are constant.

na *
In fact we may write
(___) p+q-1.§£iq~:})41
plat

10pw0 )1 P Dy Py
EP (10 °01%. .. VAR ) a(ﬁ”m'*ﬁmﬁ”oﬁ‘l’m LT T P )

ry
(—)¥=! (Sm—1)!

™
ot Tl T

=3
wherein, following the summation sign 3,, the numbers =, @y, ... w,, ... are
constant, and the operator ‘

s, (T07 0™ . . . pygyem . . )

(16™0 + Pro pTmoL F P Hron ™ot P | )

is one of the fragments above mentioned.

This operation has a biweight pg, and may be defined also in regard to the partition
(10 01™ . . . pygy™a . . .) of the biweight pg.

51. Write then for brevity and convenience

. 10 () 1 Por PPy ) famaed
Zp < 10P0 Q1P , plQl 1%, , .) a (iT)"m+Pm oL+ Pot L PaTn +Ppgr ) g (0™ oI paa .. )

so that we may write

— — ) Er—-1 —1)!
(—)P"'f—l (p+q 1)! p(l=2ﬂ' ( 1) (EW 71). g TR0 R .
plagl mpt Tl gl T @O B )
where the summation is in regard to every partition (10™01™ . . . p,g,2a . . .) of
the biweight pq.

52. In general not every partition of the biweight pg will occur in the given
separable partition, but it is convenient to consider the general result just written
down as including every such partition. It will be seen later that this result is of
great importance in the theory. ‘

I remark that on the left-hand side we have a linear partial differential operation g,,
whose expression by means of the fundamental symmetric functions and their differen-
tial inverses is well known by what has preceded. Such expression is all that is
needed so long as we are concerned only with the fundamental forms which, as they
appear in the expression of a monomial symmetric function of biweight pg, present
themselves in products which are separations of the symmetric function (107 01¢). In
the present broader theory in which the leading idea is the consideration of any
partition at pleasure of the biweight as the separable partition, we bring into view the
exhibition of the operation g,, as a linear function of operations, each of which is in
correspondence with a partition of the biweight. '
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We have, in fact, a biweight operator g,, decomposed into a full number of bipart
partition operators '

g @™o, pgtng ., )

Observe that the whole theory of separations is a generalisation from a weight to a
partition of a weight. Here we have generalised from a weight operation to a
partition operation, and I henceforward regard the partition operator as the essential
linear partial differential operator of the theory. The biweight operator g,, has been
expressed ante (Art. 17) in terms of the obliterating operators of the form G,,. These
operations (,, are equally available in the theory of the separable partition in general.
The mode of their operation upon a symmetric function product will be subsequently
explained (in § 11). So far I have merely considered their operation upon monomial
forms.® |

53. I observe that the biweight operator g,, is expressed as a linear function of the
partition operators of the same biweight, according to the same laws as-—

(1) The operator g,, is expressed in terms of the operations G,, (Art. 17).

(2) The symmetric functions, containing one part only, are expressed in terms of
the fundamental or single-unitary forms (Art. 8).

L.g., compare the three results (the first slightly modified) :—

(—)rre-1 P+g—1! s (=!G — 1! g
plyg! 7 i m iyl SGmm i,
\ a(p+eg—-1! _ (=) 1Gmr -1 m ™ .
(_)P‘*‘Q 1 Wp | q' Ipg = 2", _-_%—'n'l_—'—l i ”*‘”““ Gpl‘h Gl’z(lz ey
@+ g=Dt — (=) Er -1t m
(_)p+q p ! q! <pQ) - 27’ __71-:’ 7T2' . 7 P P

54. For convenience of reference, I write down the particular simplest cases of the

decomposition.
G0 = Gam»

Yo = Yo

G20 = Yoy — 20),

Ju = Jaom — Jans

I = Yy — 292y

30 = Yoy — 39_’@ m + 3960

Iu = Jawo, — Y — Jarm + Jans
91 = Yo = @™ — Jaom + 9

9oz = 9oy — 3@ + 39

(=]

* The decomposition of the obliterating operation Gy, into partition obliterating operations is given
post § 10.
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55. T also give the developed expressions of a few of the partiﬁon operators.
Thus

gay = O + (10) 8w + (01) dwan + (20) Oy + (10%) Oy
+ (i1) 8w + (10 01) Oes o1y + (02) Oy + (017) O omy

-+

e o) = a(T oT) + (Ta) a(ﬁiﬁb_l) + (b—]-) a(?ﬁ o1%) + (—2.—6) 8(752 [0}
+ (10%) 0@ o + (T1) 8@mon + (10 01) dmroowy
+ @) a(fﬁﬁiﬁ?) + (6—:[2) a(é'otﬁs) +...

The mode of operation of the biweight operators in the separation theory is now
manifest.
56. Let

g(iﬁ”m el L. pg"hd, L )y g(l_oPlo oo, PP, )

be any two partition operators of the same or different biweights. Representing
them for brevity by

9= 96
we have

909w = 9Iw96 + 9w T 96)

wherein the multiplication on the left denotes successive operation, the bar on the
right denotes symbolical multiplication, and the symbol T denotes explicit differentia-

tion on the operand regarded as a function of symbols of quantity only.
It is easy to establish the result

I ‘I‘ 96 = Gmmot gt pimre o, )
= (s +,) for brevity.
Hence
9 ‘I‘ 90 = 96) '}' 9w) = Giwt o
and

_ 9096 = I 9 + I+
or at full length

@™o, , T ., ) AP0 o L L pgPan ) = J@mearo . 5w, ,) @0 s pgPha,, )

—l— J@mmotrogimatea, | pomma T ema | ),

the fundamental law of multiplication (compare Art. 15),
MDCCCOX.—A, 31U
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Also
INIe — 90 9w = 0,
or
J@mo o, g, ) P ora . pena, ) = J@eoarn L mgPee ) Yo g, ) = 0,

shewing that any two partition operators are commutative.

57. The left hand side of the result just reached is called by SopmUs LIe® the
“ Zusammensetzung ” or ¢ Combination ” of the operators which appear. SvLvEesTert
has also called it the ¢ Alternant’ of the two operators.

The whole system of partition operators forms an infinite group in co-relation with
an infinite group of transformations—

We can state the theorem :—

Theorem.

“The Combination or Alternant of any two partition operators vanishes.”
Considering the partial differential equation

9 = 0,

and ¢ any function which is a solution, then must g(,¢ be also a solution, since

I 9D P — 96 9 ¢ = 0.
Theorem.

“If g and g be any two partition operators, and ¢ a solution of the equation
g = 0; then will g, ¢ be also a solution of the same equation.”
58. Consider now the partial differential equation of Art. 51,

p+g=0! o (2P Er -1

plyg! v T Y Loy, e @m0 P )

(=) = 0.

Assume the separable partition to be
(107 01° . .. pygy™»ms. . .),

so that the operand is a linear function of separations of this partition.
The effect of the partition operator

Iimo oo, g )
is the production of terms each of which is a separation of the partition
(Tda’m -~ T _(—)—]_:0‘01 =T i)-;q:"mfh T~ ™a, , .),

# ¢Theorie der Transformationsgruppen,” Leipzig, 1888,
+ ¢Lectures on the Theory of Reciprocants.’ (‘American Journal of Mathematics,” and elsewhere.)
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Observe that separations of this partition cannot be produced by any other of the
partition operators which present themselves on the left hand side of the differential
equation. Hence if the operand satisfies the differential equation

G =0,
it must also satisfy the differential equation

= 0.

Iaomo oo | mamea. )

59. 'This important theorem may be enunciated as follows :—

Theorem.

“If a function, expressed in terms of separations of a given monomial symmetric
function, be annihilated by a biweight operator it must also be annihilated by every
partition operator of that biweight.”

As regards the calculation of Tables of Separations of Symmetric Functions, this is
the cardinal theorem.

As an example of its application I propose to utilise it for the purpose of exhibiting
the function (31 01) as a linear function of separations of (2110 01). The law of
expressibility shows this to be possible, for (21 10) is a partition of the biweight 31.
Remarking that the separation (21) (10) (01) cannot occur in the expression, since

it is the only separation which produces the monomial (32) when multiplied out, I put

(3101) = A (21 T0) (01) 4+ B (21 01) (10) + C (10 01) (21) + D (21 10 01).

A monomial symmetric function is caused to vanish by means of the operation of
the biweight operator g,, if no partition of the biweight pgq is comprised amongst its
parts. In consequence of this, the only biweight operators which do not cause it to
vanish are g5, gy, and g5, Hence all the partition operators of every other biweight

operator annihilate the function (31 0I). It suffices to employ as annihilators the
two partition operators g and gem.
Hence, retaining only significant terms,

{0m) + (6_1) Owan + (—Z_T) dam) + (21 6T) dmmam} (§T 01) =0,
e + (10) 9@ m + (01) 3oy + (10 01) 8@ man} (31 01) =0,
leading to
A+C=0, B+D=0,
C+D=0, A+B=0,

or
D=—C=—B=A.
3 U 2
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Hence

(31 01) = A {(21 10) (01) — (21 01) (T0) — (10 0T) (21) 4 (2T T0 01)} ;

and it is easy to see that A = — }, for each of the products (21 0T) (10), (10 01) (21)

on multiplication produces a term -+ (31 0T), and this monomial is not produced by
the development of either of the other two products. The value of A may, however,

be instructively obtained by means of the operator g,,.
For

Jo (§T 61-) = (§T),
and

Jo = g = don) + (10) dwon) + (21) ey + (21 10) 0z oy (Art. 53.)

Hence
(81) = 2A {— (21) (T0) + (21 10)},

and now A is obviously equal to — 1.
But we may further employ the operator g¢;.
For '

gn=—0Cy+...=4gum+ ... (Arts. 17, 53),

significant terms only being retained ; hence — Gy and g = e ) are equivalent
operations in the present case, and performing them on their own sides — 1 = 2A or

(81 01) = — } (21 10) (01) + & (21 01) (10) + & (10 01) (21) — (21 10 01).

§ 10. The Partition obliterating Operators.

60.. In the foregoing a generalisation has been made from a number to the partition
of a number in the case of the operations ¢y, goi, « - « Gpgp - - - The possibility of the
like generalisation in respect of the obhteratmg operators Gy, Gy, ... Gpp o« - 18
naturally presented as a subject for enquiry.

Consider a symmetric function

S (@ oy oo Gy o )=

to be the product of m monomial functions, and write
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Supposing @, changed into a,, + pa,_1, , + va,, ,_;, we have from previous work

(14 pG4+ 2G40t + w4 ) f
= (14 pGp+vGou4+..... +p2vGy +...) A

X (14 pGy+ Gy 4+ . . .+ p22Gy + .. 0) f
X ... :
X (14 pGy+vGy 4. ..+ p2Cyy 4. o) fue

Expanding the right hand side and equating coefficients of like products of powers
p and v, we get

Gy f =2 (G f) SoSs - S ’
Goof =2 (G0 /1) (Grofo) S5 - - S + 2 (G 1) fof s+ -+ S
Gy f = 2 (Gpf) (Gmfé)f3 o Ju 2 (GuA) s S
G f = 2 (G /1) (G /o) (Grofs) fa -« a2 (G 1) (Crofi) So oo JutZ (Coo ) S oo - Sus
Gorf = 2 (G /1) (Grfo) (Goufa) fu- - - Su 4+ 2 (G /i) (Grofo) fs - - - S
= 3 (Goo /1) (G fo) Js - - - S + 2 (G A) Sofs - - - S

and so forth, where the summations are, in regard to the different terms, obtained by
permutation of the m suffixes of the functions £, £, . . . fo.

In general in the expression for G, f there will occur a summation corresponding to
each partition of the biweight pg. Ifa partition be (p,g; Pags - - - Psgs) the summation is

2 (Gog ) (Gpanf) -+ - (Cpg i) fosr o - - o

61. Thus, when performed upon a product of functions, the operator G,, breaks up
into as many distinct operations as the biweight pq possesses partitions. It is
convenient to denote the operation indicated by the summation

2 (Gl’lﬁ.fi) <G—]’292f‘2) s (G]’:%)f;fs"f‘l o .ﬁﬂ’
by
(P Pata « « - Do)
and to speak of it as a partition operator.
62. We may now write down an equivalence

Gy = 2Gig 5. .. 720

where the summation is in regard to every partition of the biweight pg. This is, in
fact, a theorem for operating with Gy, upon a product of symmetric functions, and it
is consistent with the more simple law previously established.
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In particular
Gy = G
G = Ga,

Gy = G + Gy,
Gy = G + G,
Goz = Gr((W) + G@).

638. The relations between the partltlon g operators and the partition G operators

are of great interest.
Recalling the equivalence (Arts. 53 and 41)

5, (G =1 —y (T ET D" o

! et 9 Gz wm it i Pate

which should be compared with the algebraical result

2 (— )2«—1(277._1)! =2( )Ew_lfzw—l)‘s S

77-1! 77-‘ s (20191 L Paga ) ™ 7! 71-2! Prts P20

there arigse the relations —

9w = Gy = G,
gon = G = Gan,
Jam) — 29'(20) = Gy? — 26y = Gr(10) 2G) — 2G ),
Jwm — g = GG — Gn = GmGay — Gwm — G,
9 — 39@m + 39am = Gi® — 8GyGrg + 3Gy,
= Gm® — 3GuwGm + 3Gm — 3 {GmGm — Gam} + 3Gam,
and so forth.

64. Now consider the relation last written.
I say that it may be broken up into three relations, viz.:—

9w = Gw® — 3G Gm + 3G,
Jwm = GanGa — Gy,
9@ = G

for suppose an operand to be composed of separations of a separable partition

(10720 30™ . . .), the performance of the operations on the two sides of the relation
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produces the same result identically. This result is composed of three portions
containing separations of the partitions

(T~ 3030 . . .), (TG~ 301 30% .. .), (0% 30m 30" .. )

respectively. Hence the operations which produce the three identically equal portions
of the result must be equivalent, and the three relations between the operators there-
fore follow.

In general, we may say that of the biweight pg there are as many relations between
partition operations as there are partitions of the biweight pq.

65. The general law of the coeflicients will be now investigated.

In the result of Art. 53, viz.,

5 (=P @ — 1)) Ly (PIEm D o

mlml. .. (Pa™ B - - ) e vt

77'1'77-2!.-.

we have to substitute for G,,, G, . .., the sums of the partition G operators of
weights 9,91, Pogs - - ., respectively ; we have then to collect on the right all the G
products which are associated with separations of one and the same partition, and to
equate them to the corresponding ¢ operator on the left. It is evident that this
process does not alter the law of the coefficients, and that representing the different
separates of the given partition by (J,), (J,) . . ., and any separation by (J,) (Jy)=. . .,
we may write :

— 1! o (=Dl
(__)Ew—l (_2_72__”) o e Ej (—)5‘7"1 40—”— G(Jl) G(J2) .

'7Tl! 77'2! R T LN

Observe that this is precisely the law which gives the expression of a single bipart

function in terms of separations of the partition (p;¢;™ pygs™ . . .). I recall the result
of Art. 41, viz.,

1277—1" ‘ o (8 =D g .
. O e CA Y AT

( 7r1’7r2’ (Pr™ Paze™ - . ) - Jl Jg .
which renders the correspondence between the algebraic and differential theories very
striking.

66. Reversing the formula as in the algebraic theory we get the important
formula :—

( )2‘” IG-(P;Q: 10 n )

=3 (=)

—
Jlgal oo omplap! oLy lmg!. ..

S — 1)1 Gy — 1)1, & A

IEnan™ paiam2 .. ) 9 Gnga™ Pz .. ) s
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the summation being for every separation

(Pngu™ Praie™ - + ) (Paga™ PasGer™ - - ). -

of the partition (p,q;™ pogs™. . .). (Compare Art. 43.)
Observe that in these formulsee the multiplications of operations are non-symbolic
and denote successive operations.
67. Remark the results of operations :—
G s, .. =1,

Ga™ o) Sy Spuy e

1 i : Ja
.7_—! .7 ree g(quuwn P 2. .2 g@;l—ﬂﬂm Pl 2e) * 0 ¢

1
1! g

o (P P - ) (Paga™ Page™ - - ) =L

§11. The Multiplication of Symmetric Functions.

68. The partition G operators are of great service in multiplication. An example
will make this clear. 1t is required to find the coefficient of (11?) in the product
(10%) (o1 |

Put o o

(10%) (01)°=... 4+ A (113 +...

2
On operating with Gy; on the right the result is A, since every other term is
annihilated ; and since

Gy = Gm + Gam»

we have
2 — JR—
Gy (10%) (01)* = {Gm) + G} (10%) (01)° = 4,
therefore
{Gm + Gowm}. 2(10) (01) = A,
hence
A =2,
Similarly putting
(E;Z—ﬁ"“ 1—0:29_72"“ v ) (Paga™ Poges™ - - ) () =...+ A (—7_";51']1 ToSg D+

we have merely to operate on the left-hand side with the partition operators

equivalent to G’; G:;S ... in order to find A.
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§ 12. Symmetric Functions of Differences.

69. In the wunipartite theory there is a transformation which connects the
Symmetric Functions of the Differences of the roots of the equation

ot —nax 4+ n(n—1)ax*—. . . +(=)nla,=0
with the non-unitary symmetric functions of the roots of the equation
o — "ttt — 4 (=) a, = 0. (n= )
In fact, the annihilating operator is in each case found to be
91 =04+ 0,05, F+ 050, + . ..

The theory of the Invariants and Covariants of a Binary quantic may be thus
brought to depend upon non-unitary symmetric functions. (Vide ¢ American Journal
of Mathematics,” vol. 6, p. 131.)

In the present case, there is also a transformation. For the purpose in hand, write
the fundamental identity in the form

(1 + OC]_GU + Bly) (1 + a2m + :823/) A (1 + anm-l' Bny)
=14 o + nogy + ... A

!

n.
g Y

Any function of the differences of the quantities on the left remains unaltered, when
we write for the quantities a,, B, respectively o, + k and B; 4 h. The coefficient of
xPy? on the right then becomes

3 (“1 + k) (0‘2 -+ k) ce e (“p + h) (:81)+1 + h) (:317+2 + h) e (/810+q + h),
which is
(107017) 4 (2 — p — g + 1) {(T0+72 017) + (102 01¢7) 30
p =P =gt DO P =g+ Dy5om3 510 4 2 ([00-1 0102 4 (107 01¢-2) 4

21
4.
But

Hence a,, is transformed into

h?

tpg F (tp—1,0 F Opg1) b (Ao + 2051021 + 0y 4-5) 91 T

the general term being
y_y gt PFE
sli!
MDCCCXC.—A. 3 X
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Hence any symmetrical function

S ors + o Oy e o) =,

is transformed into

Slog+h ag+ b, ooyt (@ gy )bt 5,

or writing

gﬁy — aa]]{( + wloadﬁ+],q + 0&018,, + o o vy

P¢+1

this is
- 72
exp {(910 + 9o) b+ (920 + 291 + 9o2) 5’; +... }ﬁ

the bar over exp denoting that the multiplications of operators, which arise, are

symbolic.
Now, by the theorem of Art. 15, this is

exp {Myg0 + Mg + - - - + M, Gpy + - - -3,

the multiplication denoting successive operations, and identically
exp (Myof + My + - - . + Mot .. )
=1hEd g En g EF P+
= exp (§ + 7).

Hence M, = M, = 1 and the other coefficients M are zero.
Hence the symmetric function f is converted into

exp (¢10 + Jo) 7 - S
and, if f be a function of the differences

exp (g1 + go) b - S = 1.

Hence the necessary and sufficient condition, that f may be a function of the
differences, is the satisfaction of the linear partial differential equation

910 + 9 = 0.

70. These operators g, and g, have been previously met with in the discussion of
the symmetric functions connected with the fundamental identity

Ataz+By)(l4ar+By) ... =14+a@+aony+ ... +o2y+ ...,
but then they played a different réle.”
# Two simple cases of this important transformation should be verified by the reader. Forn=2, (IT)

is transformed into % (#; — y) (B — B,) connected with the ternary quadric. For n = 3, (21) is trans-
formed into 2 = (#; — ap) {(a; — @3) + (43 — @3)} (1 — By) connected with the ternary cubic.
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In that case g, and ¢, were shewn to annihilate all functions in which the biparts

10, 01, respectively, were absent. Hence, expressing all such functions in terms of
Oy Gops « + « Bpgs « - - We have at once a number of symmetric functions of difference of
the quantities in the identity

(1 + o+ By) (1 + e+ By) ... (1 + ez 4+ By)

!
=1+na10w+namy+...+(n_;

:;ﬁ OLM(Ep yq .

71. The differential equation
’ 90 + 9Jn = 0,

is, as a particular case, satisfied by the solutions of the simultaneous equations

90=0, gn=0.

In correspondence therewith we have functions composed of differences o, — ay,
Bs — B, but not of differences a, — B;, &, — B. The functions of differences o, — o,
Bs — B: are represented by the infinite series of monomial symmetric functions whose
partitions contain neither of the biparts 10, 01.

The generating function for the number of biweight pq is

1
-1 —apl—p) =)A= A —a)H A —)...

The remaining functions of differences correspond to those solutions of gy + 9o = 0
which are not simultaneous solutions of ¢, = 0 and g, = O.

Denoting by N any aggregate of biparts from which both 10 and 01 are excluded,
we have the system of solutions

(T0N) — (0I N)
(10*°N) — (10 01 N) + (012 N),

(107+4N) - (102+7=10IN) . .. + (=)?(10701¢N) +. ..,

for on operating with g, + g4 = Gy, + G, the terms destroy each other in pairs.
Observe that these solutions are of the same weight but not of the same biweight
in every term. ,
The number of solutions of a given weight is given by the generating function

i
I —a) (1 =P A —abt. .. (1 —a"yrr. ..
3 x 2
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Hence the whole number of asyzygetic functions of differences of a given weight is

iven b
g Yy 1

(L —2) (1 —a?)P (1 —a?)t. .. (L—aty+i, ..

§ 18. Special Fundamental Identity of Finite Order.

72. By taking the fundamental identity of infinite order syzygetic relations
between monomial symmetric functions were avoided. Whenever the fundamental
identity is taken of a finite order > 1 certain such relations of necessity arise.

Professor Caviey (° Collected Papers,” vol. 2, p. 454, and ‘Phil. Trans.,” 1857)
takes a fundamental identity equivalent to

(I + e+ By) (1 + agx + Byy) = 1 4 2hx + 2gy* + ba® + 2fxy + ¢,

and finds identically ‘
be — f* — bg® — ch® + 2fgh = 0,

the condition that the expression to the right shall break up into two linear factors.
I take as the fundamental identity

| (14 ax+ Biy) (1 4 ey + Byy) = 1 4 aygx + agy + ag@® + anzy + awy?

and observe that the syzygetic relation must connect monomial symmetric functions,
each of which is symbolised by a partition containing more than two biparts. The
symmetric functions must be of the same biweight of the form pp since the quantities
o must occur symmetrically with the quantities 8. Of the biweight 1, 1, there exists
no partition containing more than two biparts. Of the biweight 2,2, we have the
four partitions

(20 01%), (02 10?), (11 10 0T), (102 01?),
and if the corresponding symmetric functions can be linearly connected, so that no

fundamental symmetric function of weight greater than 2 occurs, the linear function
must vanigh.

From the tables, post § 14, biweight 22, partition (10? 01%), we find
(20°01%) — (1110 01) 4 (02 10%) = — daggtlog + 0y” + tagl® + Cgng® — 110 5

the terms involving ay, ¢y, and oy, disappearing.
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78. This is right, and shows (changing sign) that the well-known expression
(discriminant)

be —f % — bg® — ch® + 2f9h,

is equal to
— (20 01?) 4 (11 10 01) — (02 107),
a form which, for the ternary quadric, vanishes at sight.
Another form is

— Syl + $11%11 — Soe0+
74. The expression

2 9 _ 2
40g00og — 4y g%y Hoel0” + C309%01

satisfies the partial differential equation which appertains to the differences of the
quantities in the relation ‘

(14 o2+ Biy) (1 + ez + Byy) = 1 + oy + any + Ao + a2y + oy

This equation is
2 8(110 + 6610 a,,zo + 0501 a[lu + 2 aﬂol + 0610 aau + 0&01 8%2 = 0 .

Tt is not, as a fact, expressible as a function of differences of «;, B, a,, B,, because it
vanishes altogether for a fundamental identity of the order 2.

- In relation to a fundamental identity of order greater than 2, the expression does
not satisfy the equation of differences. Although it may be regarded from the above
as a vanishing function of the differences, it is convertible into a non-vanishing
function by the transformation before given. The transformed expression is

(20 02) — 2(IT%) or (swse — su’);
which visibly satisfies the differential equation

910 + 901 = 05, + 05, = 0.

§ 14. The Construction of Symmetrical Tables.

75. From the first law of symmetry it has been established that it is possible to
form two symmetrical tables in connexion with every partition of every biweight. As
illustrations, I give certain of the results as far as weight 4, inclusive. We have
presented for the weight 4 the biweights 40, 31, 22, 13, 04. The theory of the
biweights 40 and 04 is precisely the same as that of the weight 4 in the unipartite
theory.* The one is, in fact, concerned only with the single system of quantities

# Vide ¢ American Journal of Mathematics, vol. 11, and succeeding volumes.
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oy, dy, o, ...and the other only with the single system B, B;, B ... We may,
therefore, suppress altogether the zero elements in the biparts and then proceed to
form the tables for the several partitions (unipart) of the weight which I have
already set forth in the ¢ American Journal of Mathematics’ (vol. 11).

Of the remaining biweights 31, 22, 13, it is merely necessary to calculate the two
former, since the tables for the biweight 13 are obviously immediately obtainable from
those of the biweight 81 by interchanging the elements of each bipart :—e.g., by
writing ¢p for pg.

There are seven partitions of biweight 81, viz. :—

(10%01), (11 10%), (20 10 01), (20 11), (21 10), (30 01), (1),
and nine of the biweight 22, viz. :—

(T0° OT), (T1 10 01), (TT?), (0% 10%), (20 02),
(20 012),

12 10), (22).
),

Of these the table of (20 01%) gives also the table of (02 10%) by transposing the
elements of the biparts, and similarly the table of (21 01) gives that of (12 10). We
have thus 28 tables; but of these, the four corresponding to the partitions (31) and
(22) are mere identities, so that the number is reduced to 24. The earlier tables
which are necessary are those of the partitions (10 01), (20 01), (11710), (10%01).

These are now given. TFach table is read according to the lines.

<]

BrwergaT 11.

Pagrtition (10 01).

(TooL) (10) (01) (11)  (1001)
i) | —1 | t 41 (10 01) o
(Twor)| 1 | ey 1|1

BrwercaT 21.

Partition (20 01).

(2001) (20 (01) (ZT)  (2000)
(21) ‘ -1 i 1 +1 (20 01) ( 1
(20 01) } 1| (20) (0T) [ | 1
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Brwecur 21.

Partition (11 01).

(1110) (11) (10) (21)  (1110)
@) | —1 1| +1 (11 10) 1
(11 10) 1 (11) (10) 1 1

BiwEricaT 21.

Partition (102 01).

Ao Gl Oy g’ Gy (21) (20 01) (TT 10) (_1_0263
(21) 1| —1]—1 1 |[+2 Oy 1
(2001) | —1 | —1 1 gy » 1 1
(1I110) | — 1 1 +1 0100 1 1 2
(10? 01) 1 oy | 1 1 2 2

BiwricaT 31.

Partition (30 01).

(30 01) (30) (01) ~(31)  (3001)
(31)] —1 1 +1 (30 01) 1
(30 01) 1 (30) (01)| 1 1

Partition (20 10).

(2110) (21)(10) | (31) (21 10)
(21)] -1 1 + 1 (21 10) 1
(21 10) 1 (21) (To)| 1 .

Partition (20 11).

(20 I1) (20)(11) (31) (20 11)
(31)| —1 1 + 1 (20 11) 1
(20 11) 1 20)(11)| 1 | 1
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001).

Partition (20 1
(10) (10 01) (20) (20)(10) (01)

0
(20 70 01) (20 T0) (3T)(20 o1)

(31) % —% —3 -k 1
@) -4 -3 b
G110)| =3 % -3 %
@) -} T
(20 10 01) 1
(31) (30 01) (21 10) (20 11) (20 10 01)
(20 10 0T) 1
(20 10) (01) 1 1 1
(20 01) (10) 1 1 1
(10 01) (20) 1 1 1
(20) (10) (01) 1 1 1 1 1
Partition (T1 10%).
(T 109 (i) (i) (I1T0) (10) (IT) (T0)
(31) 1 —1 -1 1 + 2
(20 1T) | —1 -1 1
(2110)| —1 1 +1
(11 10%) 1
(31) (2011) (21 10) (11 T0%)
(11 10?) 1
(10°) (11) 1 1
(1T 10) (10) i i 2
(11) (10)? 1 1 2 2



http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A

Y
A

)

a
J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

OF THE ROOTS OF SYSTEMS OF EQUATIONS.

Partition (10° 01).

g1 3001 P10 Aaolyy @por0%1 anty ey
@G| —1 | 1 1 1| -2 | =1 | 1
(30 01) 1 2 | =1 —1 | -1 1
@) 1] —1 | o0 | —1 | 1
(20 11) 1] —1 -1 1
HIO0T) | —2 | —1 1 i
(I110% | —1 1
(102 01) 1
(37T) (3001) (@1 70) (207TI) (201001) (117109 (T0°0T)
tay ‘ ’ 1
Qg | . 1 1
U0 o | ", LT .3
gty | | 1 1 n,2?¥»3
Uoo10%1 1 1 1 3 | 3
0100° 1 1 2 38 4 6
e’y |1 1 3 3 3 6 | 6
BrwricHT 22.
Partition (21 01).
(F1 61) (31) (01) @) (21 07)
@) -t 1 e @m)f
(21 01) 1 \ @yl 1 |

MDCCCXC,—A. 3Y
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Partition (20 02).

(30 02) (20) (03) () (30 03)
@) —1 ‘ (R (20 02) 1
@) 1| (@0) (03)| 1 .
Partition (112).
(i) (1n? (22)  (1D)
@) —2 | 1 (1T2) 1
(11 1 { h (1| 1 2
Partition (20 012).
(20019 (30) (G1%) (30 0T) (1) (20) (O1)°
(22) 1 -1 —1 1 + 2
(2002) ] —1 -1 1
@on, -1 | o1 | 1
(70 01%) 1
@)  (@503)  (FOI) (30 0D
@ o) | | |
(20) (01%) 1 1
(20 0T) (01) 1 1 2
(20) (01)® 1 1 | 2 2
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Partition (1110 01).

@ & | -t | -t | -3 L |3
(2101)| —3% —% 4 4 +1
(2T0)| -3 T s L1
| -3 ol =4 +1
(i1 10 01) .
(22) (2101)  (1210) (11?) (11 10 07)
(11 10 01) 1
(1T 10) (07) R ) .
(1T 07) (T0) ) 0 ) )
2 (10 01) (11) 9 5 0 )
(1) (10) (0T) | 1 Lo T |

o
<
Lo
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Partition (10? 012).

2 2 2 2., 2
Qoo U0y Upgllip  Cgglloy 0" Oggllgy” Ggolhyp”™ U0yl (g oy
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§ 15. Property of the Coefficients in the Tables.

76. There is in regard to the coefficients a very simple and important property
which does not come into view with the unipartite theory so long as the tables are
restricted to the particular cases in which the separable partitions are composed
entirely of units. The property appears the instant we consider a separable partition
composed of parts which are not all similar. The law is the same whether the
symmetric functions are unipartite, bipartite, or in general m-partite. It depends
upon the possibility of grouping the various separations in a particular manner. To

make this clear suppose we are presented with a separable partition (10? 01%). The
nine separations may be written down in four groups, as follows :—

Group 1. Group 2. Gfoup 3. Group 4.
(T0) (0T (007 (10)  (I°01) (01)  (T0° O1*)
(D) (10) 61) (8T (T0)° () @I - (109 (O
(11 |

In Group 2 it will be seen that the parts (10?) of the separable partition occur in
the separation (10)?% while the parts (01%) occur in the separation (01?), so that the
expression {(10)% (01%)} may be taken as defining a certain separation property of the
separations of the group. The group in question may be denoted by Gr {(10)% (01%)}
and on the same principle the Groups 1, 8, and 4 may be denoted by

Gr {(10)% (01)*},  Gr {(10%), (01)%}, Gr{(10%), (01%)}

respectively. In the separable partition (10°012) the parts (10) and (01) occur each
twice, and a group results from every combination of a partition of 2 with a partition
of 2. If P, denote the number of partitions of 2, the number of groups will be
P? = 4. In general if the different parts of the separable partition occur a, be, ...
times the number of groups of separations is P, P,P, . ‘

77. The leading property that has been adverted to is that in the expression of a
single-bipart function by means of separations of a partition composed of dissimilar
parts, the algebraic sum of the coefficients in each group of separations is zero. A
corollary at once follows which will be glven in its proper place.

78. From the identity of Art. 24, viz.

Tdcé4+com+ ..o Fopémr 4+ . o=, (1 + aboé + ... + 2Byt + .. .)

is derived a series of relations which express the quantities ¢ in terms of the
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quantities b and symmetric functions of the quantities a, 8. These are given in
Art. 24. '
To put the group in evidence it is necessary to modify these relations by writing

P1
b for D, , so that for examples the expressions for ¢,, and ¢;; become

(20) by, + (10%) by

vespectively. In any product ¢,,m¢,,™. .. the cofactor of the product

oy oy vy v
P

: 2
b;&m Z),.ls‘l 20 e [)21751"1 btfz?ﬁ s

1s composed of symmetric function products each of which appertains to the group

G (s ) (o)« oy (e (i) . 0

The sum of the coefficients attached to the members of this group is obtained by
putting each monomial symmetric function equal to unity. The sum in question then
appears as the numerical coefficient of the b product above written.

Write then

ey = by
ot = by
Ca' = by + bie.

- ,
eyt = by + by

so that, & and » being arbitrary,

1+clolf+00117]+ e -—l—-cp{[lgﬁnq_{_ L
= (]- + b10£+ bﬁzfz + bE3§3 + . .). . (1 -i— Z)qul"y"l + bﬁizgzi)nzq'i_ .. .>' .

a factor appearing on the right for each biweight.
To find the sum of the coefficients in each group in the case of the expression of the
single-bipart functions we have now merely to take logarithms when (Art. 26)

the functions being s,, or (pq), the sum in each case presents itself multiplied by
(=) (1/plq!) (p + ¢ — 1)} Expanding the right hand side after taking logarithms
we see that only terms of the form

2 ay
l);,‘.gpz b;g/’;z

can appear. Hence the theorem :—


http://rsta.royalsocietypublishing.org/

s \
Vam \

a
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

OF THE ROOTS OF SYSTEMS OF EQUATIONS. 535

“In the expression of symmetric function (pg) by means of separations of any
partition of the same biweight, the partition consisting of dissimilar parts, the
algebraic sum of the coefficients in each group of separations is zero.”

As regards the remaining cases where the separable partition does not contain
dissimilar parts, the group obviously contains but a single separation and qud group
has no existence.

We have in fact the expression of (pg) by means of separations of (rs*) where
kr = p, ks = q.
The result is clearly

prg—1\L =DV = 3o -1 (2o = D! e\ (Traps)e
(=yreamt PE LD ) = 3 (e T e (e

plg! aloyl...

79. The law of group of separations may be verified from the tables. It is a very
satisfactory aid to calculation, particularly in the detection of missing separations.

Moreover the law embraces symmetric functions other than those symbolised by a
single bipart. Suppose the function expressed in terms of single-bipart functions.
The latter may be separately expressed in terms of separations of partitions in such
wise that the function in question will be represented by means of separations
of any given partition of its biweight. The law of the group will hold for the
single-bipart functions whenever the separable partition contains dissimilar parts, and
moreover, in a product of single-bipart functions the law will hold it one or more of
the factors is expressed in terms of separations of a partition containing dissimilar
parts. Hence the only exception occurs when we find presented a product of the

form
3(’,?{1‘91) 8@02) S(‘,.‘s_s;%) e vy

now if the symmetric function, say (p;qy™ pege™ . - .), whose expression we are
considering in connection with a given separable partition, say (a,b,“ aby . . ), itself
possesses a separation of specification

(ot,0ty, 0010 og0ty, ayby, o)

a product of this form will certainly occur, but not otherwise.
Hence the theorem :—
80. “In the expression of symmetric function

, (P page™ - )
by means of separations of :

(D1 aghy™ . . \),

the algebraic sum of the coefficients in each group of separations is zero if the partition
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(P1qi™ Pags™ - - -) possesses no separations of specification (eay, &,Dy, a0y, asby . . .) but
not, otherwise.”

The law may be verified in the case of the table of separations of (10? 01%), for the
symmetric functions (22), (21 01), (12 10), (I1%), (11 10 0T) for none of these five
functions can be separated so that the specification is (20 02). On the other hand
the group law does not hold for (20 01%) because the separation (20) (01%) has a
specification (20 02).

§ 16. Conclusion.

81. All the preceding results can be easily extended to the m-partite theory
connected with m systems. The weights are m-partite as also the parts of the
partitions. As a general rule m suffices appear in the symbols. The laws of symmetry
and their consequences, the symmetrical tables, the correspondences between the
algebras of quantity and differential operation, the partition linear and obliterating
operators, the law of groups of coefficients (and in fact the whole investigation here
presented) proceed pari-passu with the bipartite theory above set forth. The uni-
partite or ordinary theory of the single system is also absolutely included in every
respect. ; : : ‘

In its applications, the results will be chiefly of use in the theory of elimination in
the most general case. In this regard ScHLAFLI'S memoir (loc. ¢1t.) may be consulted.
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